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Abst rac t - -We study the behaviour of an incompressible, viscous fluid, with a free boundary. We 
suppose that the fluid partially fills the interior of a rotating cylinder. We show the existence of a 
solution of the initial value problem on a small time interval, under some regularity and compatibility 
conditions. 
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1. INTRODUCTION 
In this paper, we consider an incompressible, viscous, instationary fluid with free boundary. The 
fluid partial ly fills the interior of a rotating cylinder. 
The flow is governed by the Navier-Stokes equations with appropriate boundary conditions; 
gravity is the only external force. We suppose that the motion of the fluid is uniform in the 
direction of the axis of the cylinder, so, if we consider a transversal section in the cylinder, we 
can formulate our problem like a two-dimensional problem. We show in this work that  for any 
initial boundary and velocity field satisfying some regularity and compatibi l ity assumptions, a
"strong" solution of the initial value problem exists for a time interval determined by the initial 
data. 
The problem is as follows: We are given an initial domain ~ c R 2 whose boundary is 0Ft = 
Ss  U SF, where SB is the circle of radius 1 and SF is a closed curve which belongs to the interior 
of the disc of radius 1 and which does not intersect SB. We are also given an initial velocity 
field u0. 
We wish to find for each t E (0, T) a domain ~(t),  a velocity field u(., t) and a pressure p(., t) 
on ~t(t), and a transformation ~(.,t) : Ft --* R 2 so that  
~(12, t) = 12(t) with ~(SB, t) = SB (1.1) 
~,t = u o ~ in ~ (1.2) 
u~t - uAu + (u. V)u + Vp = -gVx2 in 12(t) (1.3) 
V .u  = 0 in ~(t) (1.4) 
pn~ - vE(u i ,  j + uj,i)n} = pon~ on ~(SF, t) (1.5) 
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where n t stands for the outward normal to fl(SF, t), 
x2 / 
u = w on SB (1.6) 
Xl 
u(x,  O) = uo in ~ (1.7) 
f/(x, 0) = x in ft. (1.8) 
Here v is the coefficient of viscosity, g is the acceleration of gravity, and P0 is the atmospheric 
pressure assumed to be constant. 
We have set the density equal to 1, and we neglect he surface tension. 
We consider that SF is given in polar coordinates by p = P0(8) with 8 E [0,2rr], where Po is 
the restriction to [0, 2rr] of a 2r-periodic real function which is regular enough. We have 
mo _< po(e) _< ml  Ve e [o, 2~] 
I I£(e)l l  ~ m2 vo ~ [0,2~] 
with 0 < mo < mz < 1 and m2 > O. We denote by n the outward normal to SF. 
The equality (1.6) is a nonhomogeneous Dirichlet boundary condition. In order to deal with 
homogeneous boundary conditions, we use the following change of the unknown function: 
U(Xl, X2, t) = V(Xz, X2, t) Jr" Bx for x E ~(t) (1.9) 
where 
(x l )  (001  ) x = and B = w 1 " 
•2 
We also set 
1 2 ,  2 
P = ~1 + Po - gx2 + ~w (x 1 + x2). (1.10) 
The new unknowns of the problem are ~ and ~. For this problem it is natural to use the 
Lagrangian coordinates (see [1-3]). We therefore set 
v = v or}, that is v(x l ,xa , t )  = 9(f/l(x,t),~],2 (x , t ) , t )  (1.11) 
and 
q = q o ~, that is q(x l ,x2 , t )  = gl(fh(X,t),f l2(x,t),t) .  (1.12) 
Replacing (1.9)-(1.12) in (1.1)-(1.8), we obtain after some elementary calculus: 
V,t -- UZ~kjOk(~ljV~,l) + Bv + Z~kiq,k = 0 in 12 x (0, T) (1.13) 
k,j j  k 
Z~kjVi,k = 0 in ~ x (0, T) (1.14) 
k,j 
1 2 
qN~ - V Z ( ~kjV,,k~k,Vj,k )Nj = gfl2N, - ~w 
kj  
x (fh 2+ f/2)N,, (1.15) 
v = 0 (1.16) 
v(0) = v0 
where we have set N = n t o ~/and 
1 
~= ~ , = (&A,,J=,,=. 
on SF x (0, T) 
on SB 
in f2 
with vo = uo - Bx  (1.17) 
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The relations (1.2) and (1.8) can be rewritten in the form 
O,t = BO + v(a:, t), ~(0) = z 
which gives 
where we set 
O= E(t) [X + fotE*(s)v(x,s)ds] 
E = E( t )  = e s t  = (c°s(wt)  
\ sin(~t) 
- sin(wt) ) 
cos(ut) ' E- -  (eij)ij=l,2 
and 
E* = E*(t) = E -1 = (cos(wt) sin(wt) ) E* * 
\s in(wt) cos(wt) ' = (eij)iJ=',2" 
We shall use the notation A = (A1, As, As, A4), where A(v, q) stands for left-hand members of 
(1.13)-(1.15) and (1.17). 
We denote by L = (L1, L2, L3, L4) a linear operator which is near A in a sense that will be 
made precise later: 
Ll(v,q) = v,t - vZe~jOk(e~jvi,l) + Bv + ~e*kiq,k 
k,j,l k 
n2(v, q) = Ze*kjVj,k 
k,j 
L3(v, q) = q(E~)i - uZ(e~jvi,k + e~ivj,k)(En) j 
j ,k 
L4(v, q) = v(x, 0). 
(1.1s) 
(1.19) 
(1.20) 
(1.21) 
Some elementary calculus gives us: 
Ll(v,q) = E[(E*v)t - vA(E*v) + 2B(E*v) + Vq] 
L2(v, q) = V. (E'v) 
L3(v'q)=E{ qni-uZ[(E*v)iJ+(E*v)j#]nj } , ,  
L4(v, q) = (E*v)(x, 0). 
(1.22) 
(1.23) 
(1.24) 
(1.25) 
We now introduce some notations: 
Gr 
Kr (a r )  
Kr(SF x (0,T)) 
°Hr(f}) 
oH~(f~) 
°Kr(GT) 
oKr(GT) 
= f~ x (0, T) 
--- H°(0, T, Hr(f~)) A H~/2(0, T, H°(f~)) 
= H°(O, T, Hr(SF)) n Hr/2(0, T, H°(SF)) 
= {u ~ gr ( f~) ,u  = 0 on S~} 
= {u e Hr (~) ,u  = 0 on 8B} 
= H°(0, T,°gr(f~)) n g~/2(O,T,g°(~)) 
= H°(O, T, oHr (12)) PI H~/2(O, T H°(~)). 
Our main result is the following theorem. 
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THEOREM 1.1. Let r • (3, 7/2). Suppose that f~ satisfies the conditions of this section. Let us 
consider uo • H ~-1 (f~ ) satisfying the following conditions: 
V.uo=0 /an 
, , %  
o 
l ) " 3 tan 
Uo(X) = Bx on SB. 
Then there exists T > 0 depending on f~ and on luoir_l such that the problem (1.13)-(1.17) has 
a solution v • oKr(GT), q • Kr-S/2(SF x (0,T)) and Vq • Kr-2(GT), with v(O,x) = vo(x) = 
uo(z )  - Bz .  
2. SKETCH OF THE PROOF OF THEOREM 1.1 
Since the proof of our main result follows the lines of the proof of Theorem 1 of [2], we shall 
only give a sketch of the proof, and we refer to [4] for some more details. 
We observe that we can formulate our problem in the form: Find (v, q) such that 
1 2 Ni,vo) A((v,q)) = (O,O, gfI2N, - ~w (~1~ +fl~) • (2.1) 
In the following we define some appropriate functional spaces for (v, q) and for the right-hand 
side of (2.1). We first introduce some notations. 
For any v qo Hr(12) with r > 2 we can consider OkV like an element of 0H-l(12) (the dual 
space of °HI(12)), defined by 
(OkV, q~)(oH-',°H1) = -- ~ VOkq~ dx, V¢ • °HI(~).  
Let us set 
/~r (GT) = H°(0, T, Hr- l ( f t ) )  N H~/2(0, T, 0H-l(gt)). 
We define for any T > 0 the space 
Xr(T) = {(v,q), v • oKr(GT), Vq • Kr-2(GT) and q • Kr-s/2(SF x (0,T))} 
endowed with the norm 
[ [ (v ,q) l lxr(T)  = IIVIIKr<GT) + [IVqIIK+-2<GT) + IIqIIKr-3/2<SF×(0,T))" 
We can easily show that Xr(T) is a Banach space. 
We also introduce the space Yr(T) of elements of the form (], a, a, vo) with ] e Kr-2(GT), a e 
[;~(GT), a e K~-s/2(SF x (0, T)) and vo • oH~-2(f~), satisfying the compatibility conditions: 
V.  vo = a(0) in 
vo =0 onSB 
sta.(v0) = ata.(0). 
The first step of the proof consists in showing that the linear operator L : Xr(T) ~ Yr(T) has a 
bounded inverse. Unfortunately, the norm of the inverse of L can depend on T. We can overcome 
this difficulty by introducing some appropriate subspaces of Xr(T) and yr(T). We set 
X~(T) = {(v,q) 6 Xr(T), with v(0) = v,t(O) = 0 and q(0) = 0} 
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and 
Y0r(T) = (f, a, a, 0) e y r (T ) ,  with f(0) = 0, a(0) = at(O) = 0, a(0) = 0}. 
We can show that  L(X~(T)) = Y~(T) and that  the restriction of L to X~(T) and the restriction 
of L -1 to Y~(T) are bounded uniformly in T. 
We now go back to the equation (2.1). We shall use a change of the unknown variables in order 
to obtain an equation whose unknown belongs to X~(T): 
(v,q)=(vl ,q l )+(vO,q °) 
where (v °, q0) is chosen in an appropriate manner. The new unknown of the problem will be 
(vl,ql). 
Applying the same idea as in [2], we show that  we can write (2.1) in the form 
L(vl,q 1) +F(v l ,q  1) = f 
where f is an element of Y~(T) and F is an application from X~(T) to Y~(T). We show that  F 
is "small" in some sense for T small, which allows us to apply a contracting mapping argument 
and to obtain the existence result (see [4]). 
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